The matrix cracking transverse to loading direction is usually the one of most common observations of damages in composite laminates. The initiation and propagation of transverse cracks have been a longstanding issue in the last few decades. In this paper, a three-dimensional stress analysis method based on the state space approach is used to compute the stresses, including the inter-laminar stresses near transverse cracks in laminated composites. The stress field is then used to estimate the energy release rate, from which the initiation and propagation of transverse cracking are predicted. The proposed method is illustrated by numerical solutions and is validated by available experimental results. To the best knowledge of the authors, the predictions of crack behaviour for non-symmetrical laminates and laminates subject to in-plane shearing are presented for the first time in the literature.
Introduction
The first form of damages in laminates is usually matrix microcracks. The most common observation of microcracking is cracking in 90º plies during axial loading in the 0º directions (Narin, 2000) . Transverse cracking is therefore the most common damage mode in composite materials. An immediate effect of transverse cracking is to cause stiffness degradations of the laminate. Stress singularities near the crack tips at the ply interface may initiate interlaminar delamination. Delamination is not necessarily the ultimate structural failure, but it may result in fibre-matrix debonding and fibre rupture, which will eventually lead to the loss of structural integrity. The ultimate failure of a composite laminate follows the occurrence of transverse cracking, longitudinal cracking, delamination and fibre breaking.
The initiation and propagation of transverse cracks in composite laminates have been the focus of failure investigation in the last few decades. Extensive investigations have been carried out both experimentally and analytically. Garrett and Bailey (1977) , Parvizi et al. (1978) and Bailey and Parvizi (1981) are amongst the earliest researchers who carried out extensive experiments to observe transverse cracks. They found that cracks formed in a direction parallel to the transverse reinforcement and the thickness of the 90° plies had significant effect on the cracking process. Flaggs and Kural (1982) presented the results of an experimental study confirming that the constrained transverse cracking phenomena observed in the 90° ply of uniaxially loaded [0°/90°] s composite laminates was also exhibited by the more general [θ/90°] s class of composite laminates. Nairn and Hu (1992) , Liu and Nairn (1992) and Nairn et al. (1993) carried out a series of experiments on crack density as a function of applied load. For all the laminates tested, the characteristic cracking curve had no cracks until an onset stress was reached. After the initial crack, the crack density typically increases very rapidly. The onset stress decreases as the thickness of the 90° plies increases. Yokozeki et al. (2005) investigated crack accumulation in multiple plies of [0/θ 2 /90°] s laminates (θ=30°, 45° and 60°). Most of the experimental investigations showed that the first damage mode was usually transverse cracking. Both the thickness of 90° layers and the stiffness of constrain layers affected the initiation and propagation of transverse cracks.
The majority of earlier analytical work on transverse cracking assumed that cracks formed when the stress or strain reached the transverse strength of a ply material. Garrett and Bailey (1977) assumed that a transverse ply had a unique breaking strain, ε tu , and strength σ tu . If a stress is applied in a direction parallel to the longitudinal plies, the transverse ply will fail at a stress σ tu . Using the same strength criteria, Parvizi, et al (1978) reported more detailed studies for a glass fibre reinforced epoxy composite. Leblond et al. (1996) studied multiplication of transverse cracks as a function of applied stress in cross-ply laminates. The crack development was assumed to be controlled by the fracture stress in the 90° plies. However the strength based theory usually can not provide a good prediction of transverse cracking because the strength of 90 o plies of a laminate is usually not the same as that of a different laminate.
Due to the drawbacks and limitations of the strength based methods, the majority of recent work was based fracture mechanics using the energy method to predict transverse cracking. Most energy models used a representative volume element (RVE) to predict next crack formation when the energy released due to crack formation reached the critical strain energy release rate G c . It has been widely recognised that for the same material ply laminates with different lamination profiles, the value of G c almost keeps constant (Nairn, 2000) . Consequently, the method applies for a wide variety of laminates from a single value of G c . Parvizi et al. (1978) demonstrated that a simple shear lag analysis used in conjunction with the Griffith energy criterion can be used to accurately predict matrix cracking. Flaggs (1985) made use of a strain energy release rate fracture criteria in conjunction with an approximate two-dimensional shear-lag model to predict tensile matrix failure. Wang et al (1985) employed the energy release rate method of classical fracture mechanics to model various matrix crack interactions. Dvorak and Laws (1987) investigated the first ply failure using a critical energy release rate criteria and later Laws and Dvorak (1988) presented a model for progressive transverse cracking based on statistical fracture mechanics. Nairn (1989; 2000) , Liu and Nairn, (1992) and Nairn and Hu (1992) carried out a series of study on matrix cracking by finite fracture mechanics. Zhang et al. (1992) and Fan and Zhang (1993) proposed the equivalent constraint model (ECM), in which the energy release rate due to transverse ply cracking, incorporating residual thermal stresses, was derived. McCartney (1998; 2002; 2004; 2005) to the stress fields, including all the interfacial stresses, and a satisfactory approximation to the stress singularities near ply cracks. The model was based on a state space approach that has been successfully used to solve a variety of stress problems (Soldatos and Ye, 1994; Soldatos, 1994a, b, 1995; Ye and Sheng, 2003; Ye et al., 2004; Zhang and Ye, 2007b 
Stresses of angle-ply laminates with transverse cracks

Solution of an angle-ply lamina
Consider an off-axis lamina ( Fig. 1 ) with principal material directions (1-2-3) in the global x-y-z coordinate system. The lamina has constant thickness h, width L and infinite length. The displacements in the x, y and z directions are denoted by u, v and w, respectively. Suppose that the lamina is subjected to a uniform tension by the application of a constant longitudinal strain in the y direction, 0 ε ,which represents a laminate that is long and relatively uniform in one direction, such as aircraft wing panels. The constant strain in the y direction also represents the state of stress at a point in a material subject to a generalized plane strain, where the stresses and strains in other two directions are more dominating.
The lamina is made of a homogeneous, monoclinic and linearly elastic material whose principal material direction 1, i.e., the fiber direction, has an angle of θ to the x axis.
(a) Stress-strain relations
The basic constitutive equation for thermo-elastic stress analysis is (Herakovich, 1998)
( 
where the ij C′ are stiffness coefficients that can be expressed in terms of Young's moduli, Poisson's ratios and shear moduli.
where T Δ denotes temperature change,
where xx α , yy α , zz α and xy α are the coefficients of axial thermal expansion relative to the x, y, z directions and shear thermal expansion, respectively. 
Since the lamina is subjected to a uniform extension 0 ε in the y direction, it follows
Then the generalized plane strain deformation is assumed such that all components of stress and strain do not depend upon y.
To carry out the following deductions, let
From the third equation of Eq.
(1) and Eq. (7), one has
By substituting Eq. (7) into the first, second and sixth equations of Eq. (1), the inplane stresses can be expressed as Assuming that displacements u, v, and w can be expressed, respectively, as
where
are unknown boundary displacements that can be determined by imposing traction free conditions along the stress free surfaces (see the boundary condition section). In Eq.(13), the following Fourier series expansions are
In the case of a uniform extension in the x-direction, the axial displacement u is zero at x=L/2. Hence, the integer m in Eq. (14) and the equations below takes only even numbers, i.e. m = 0, 2, 4, … .
By introducing Eqs. (13) and (14) into (12) and expanding the x and 1 in Eq. (13) into also Fourier series, the following non-homogenous state space equation for an arbitrary value of m is obtained
where 
The solution of the non-homogenous state space Eq. (15) is
In particular, at z=h,
where [ ] 
Solution of an angle-ply laminate
Consider an infinite long multi-layered general angle-ply laminate of thickness H and width L. Again the laminate is subjected to a constant longitudinal strain, 0 ε .We may imagine that it is composed of N fictitious sub-layers, each of which may have different thickness. However, it is assumed that the thickness of all the fictitious sublayers approach zero uniformly as N approaches infinity. 
After repeating the above process for all the individual sub-layers and with appropriate continuity requirements imposed at all the real and fictitious interfaces, a solution for the entire laminate can be formulated.
In order to find the solution of the problem, the two unknown displacement components, 
The solution of Eq.(18) at z=h j is
By introducing the following continuity conditions at all interfaces, i.e.,
and then using Eqs. (21) and (22) recursively, a relationship between the state vectors on the top and bottom surfaces of the laminate is established as follows:
Substituting Eq. (24) 
Ply-crack boundary conditions
When a general angle-ply laminate is subjected to an in-plane extension perpendicular to the 90° fibers, transverse ply cracks appear parallel to the fibers and across the entire width from edge to edge. For example, subject to a uniform biaxial extension, 0 ε and 0 F , and a shear loading, 0 S , the [θ°m/90°n/φ°s] laminate shown in Fig. 2 displays an array of periodic cracks in the 90°n layers, where the subscripts denote the number of the real plies within a ply group. In reality, matrix cracks can occur in any plies, but there are a large group of laminates, in which transverse cracking in 90º plies is the dominated damage mode, and therefore the minor matrix cracking in non-90º plies is ignored in the present model. Other damage modes, e.g. delamination and fibre breakage usually occur at high crack densities, so the current work focuses on low and intermediate crack densities.
Assuming that the cracks are equally spaced, a representative volume element (Fig. 3) can be taken from any two neighboring cracks to predict the stress and displacement fields.
For the cracked layers at x=0, L the boundary conditions are traction free, i.e., 0 xy xx = = σ σ . For the un-cracked layers at x=0, L, due to the fact that the laminate is subjected to uniform extension and shear loading, the displacements of an uncracked layer in the x and y directions, u and v, remain constant, that is
Substituting Eq. (26a) and Eq. (14) into Eq. (5.13) yields at x=0 and y=0
From also the equilibrium of the internal and external forces, the following equation where 0 F and 0 S are the forces per unit length (Fig. 3) . From the introduction of the boundary conditions, it can be seen that the solution can be found to the required accuracy by increasing the total number of the thin layers.
Propagation of transverse cracking in laminates
The total complementary potential energy of a representative element 
The energy release rate due to transverse cracking Consider a composite laminate subjected to external loading and there are a sufficiently large number of transverse cracks in the 90° layers. The entire length of the laminate is L e and the thickness of cracked layers is H c . Fig. 4 shows the propagation process of the transverse cracks from state (a) to state (c). In state (a), it is assumed that there exist k uniformly spaced transverse cracks in the laminate.
Therefore the crack density in this state is 
The transverse crack propagation criterion
A new crack will form if the energy released due to crack formation reaches the critical energy release rate G c , i.e. given crack density. For a given load, stress analysis is carried out by using the state space model. The energy release rate G of a representative volume element is then computed by Eq. (34) and compared with G c . If G>G c , the current load is reduced to achieve a smaller energy release rate until G=G c . If G<G c , the current load is increased to obtain a larger energy release rate until G=G c . If G=G c , the current load is taken as the critical cracking load for the given crack density.
Numerical results
The formulations and criterion proposed above are applied to predict transverse cracking in composite laminates with different configurations, including symmetric cross-ply laminates, symmetric angle-ply laminates and general non-symmetric laminates. The material properties and dimension of these laminates (Liu and Nairn, 1992; Joffe et al., 2001 ) are given in Table 1 . Effects of residual thermal stresses are included in the analysis. ΔT is the difference between the room temperature and the cure temperature. Table 1 also lists the critical energy release rate G c for each material.
Symmetric laminates subjected to tension
The crack density as a function of applied average stresses for symmetric cross-ply laminates is plotted in Fig.6 . Herein, the applied average stress is the axial tension per unit length in the x direction divided by the height H of the laminate. The test and variational results of Liu and Narin (1992) 
Non-symmetric laminates subjected to tension
After successful validation for cross-ply symmetric laminates, the method is applied to predict transverse crack propagation in two non-symmetric laminates. The first one is constructed by replacing one set of 90°4 layers in the above [±30°/90°4] s laminate with 0°4 layers. Thus the new profile, [±30°/90°4/0°4/ + 30°], is now non-symmetric.
The stress-crack density relation of the non-symmetric laminate is plotted in Fig. 8a .
In comparison with Fig. 7b , the onset crack stress of the non-symmetric laminate is significantly increased. The second laminate has a lay-up of [30°/90°/30°/90°] and is composed of Material 3. Both the 90° layers are assumed to have transverse cracks and the crack distributions in both layers are identical. Fig. 8b shows the crack density as a function of the applied average stress in the laminate.
No comparisons have been made in Figs (8a) and (8b), because the present solutions are believed to be the first ones in the literature on predicting transverse crack propagation in non-symmetric laminates. These results, therefore, can be used as benchmarks for testing new models.
Laminates subjected to tension and shearing
In this section, the present method is further used to study the effects of shearing on transverse cracking. A symmetric and a non-symmetric cracked laminates under a combination of tension and shearing are analyzed, respectively. It is assumed that the laminates are composed of Material 3 from Table 1 . A series of curves are shown in Fig.9 to demonstrate the effects of shear stresses on the transverse cracking process of a symmetric [30°/90°/90°/30°] laminate. The laminate is subjected to a combined action of uniform tension and shearing. The applied average stress, which is the average stress on the cross-section perpendicular to the x axis (Fig 2) , increases, while the shear stress keeps constant. The applied shear stresses are -100, -50, 0, 50 and 100 MPa, respectively. It can be seen that both the magnitude and the direction of shear stresses have significant effect on the initiation and development of transverse cracks.
The negative shear stresses advance and the positive stresses delay the transverse cracking. This is because the [30°/90°/90°/30°] laminate has a negative shear strain in the x-y plane when the laminate is subjected to a single tension in the x direction (Fig   2) . If a negative shear stress is also applied, the magnitude of the negative shear strain increases. On the contrary, applying a positive shear stress decreases the magnitude of the shear strain. As a result, the energy release rate in the case of applying negative shear stress is higher than that in the cases of applying no shear stress or positive stresses.
The same set of shear stresses are also applied on a non-symmetric [30°/90°/30°/90°] laminate and the obtained stress-crack density relations are shown in Fig. 10 . As can be seen, the effect of shearing on cracking is similar to the symmetric case. Nevertheless, under the same loading condition the crack initiation stress of the non-symmetric laminate is slightly higher than that of the symmetric one. This is because the 90° layers in the symmetric laminate are thicker and a thicker 90° layer is more prone to crack formation.
To the authors' best knowledge, comparable solutions to the results presented in Figs. 9 and 10 are not available in the literature. The results can again be used as benchmark solutions for future development of new theories.
Concluding remarks
By using the energy method, an approach based on the state space stress analysis to predict the propagation of transverse cracking in general composite laminates has been proposed. The proposed method inherits the advantages of the state space method, by which an accurate stress distribution and, hence, an accurate estimate of strain energy can be computed. The method can also deal with both symmetric and non-symmetric laminates.
In conjunction with the stress analysis, the energy release rate due to transverse cracking was derived in a laminate with an idealized uniform crack distribution. A new crack forms when the energy release rate approaches the critical energy release rate.
Numerical results for symmetric laminates were compared with alternative numerical solutions and experimental results. The solution was extended to the analysis of non-symmetric laminates under tension, and then to the analysis of general laminates subjected to both tension and shearing. This provided new numerical solutions that are hardly found in the literature. From the new results, it was found that shearing had significant effect on the cracking process.
It is noted that in this work the transverse cracking process was simplified as a crack density increment in a uniformly spaced state, while the nature of the crack multiplication in reality is stochastic. Though good comparisons with test results have been observed for the globe relationship between the applied stresses and crack density, a statistical approach should be resorted to modeling transverse cracking in future work in order to gain deeper understanding of the cracking process. Flaggs D L and Kural M H 1982 
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